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Chapter (1)  
Introduction 
 
 For a long time, the production mechanisms, spectroscopy, and decay modes of 
hypernuclei have been the subjects of many theoretical as well as experimental studies. These 
investigations provide valuable information on many- body hadronic systems by utilizing new 
degree of freedom “strangeness”. Moreover, it is expected that new forms of nuclear matter can be 
investigated by comparing the hyperon-nucleon and nucleon -nucleon interactions. Especially, we 
expect to extract a lot of detailed knowledge concerning strangeness from the investigation of 
lambda hypernuclei. A lambda particle has zero isospin and charge. In the quark picture, the 
nucleon is made up of ‘up’ and ‘down’ quarks, while the lambda particle of ‘up’, ‘down’ and 
‘strange’ quarks. Spectroscopic studies of lambda hypernuclei show conspicuous features, that is 
as compared with the nucleon, a lambda particle is weakly bound in nuclear medium and its 
spin-orbit splitting is quite small [1]-[4]. When nucleons are added to a core nucleus, they are 
located outside the core nucleus due to the Pauli’s exclusion principle. On the other hand, when a 
Λ hyperon is added to the core nucleus, due to the absence of Pauli principle between nucleon and 
Λ, then the Λ particle can reach deep inside and attract the surrounding nucleons towards the 
interior of the core nucleus. It is called “glue-like role”. As a result, this property of the Λ particle 
plays a crucial role in binding mechanism of hypernuclei. In this way, a Λ hyperon provides a 
sensitive probe of the nuclear interior.  
 Both experimentally and theoretically, the most extensively studied hypernuclear systems 
are the single-Λ hypernuclei which consist of a Λ particle coupled to the nuclear core. 
Experimentally, strangeness exchange reaction ZKZ AA Λ
−− π ),(  is the modern way to produce 
and study hypernuclei: a K- meson hits a target nucleus AZ, changes a neutron into a lambda and a 
π- meson leaves the nucleus. Currently, there are many experimental data for various single-Λ 
hypernuclei over almost the whole mass table [5] and a few double-Λ hypernuclei [6]-[9].  
 Many theoretical studies of heavy hypernuclei have been performed either based on mean 
field models with an effective Λ-N interaction, i.e. RMF model [10] -[17] and Skyrme 
Hartree-Fock (SHF) model [18][19], or on a Woods-Saxon potential [20]. Recently, a study of Λ 
hypernuclei with a large neutron excess became theoretical interest. For example, the relativistic 
Hartree Bogoliubov model (RHB) in coordinate space with finite range pairing interaction 
[21][22] has also been applied to describe Λ hypernuclei with a large neutron excess [23]. It was 
found that the inclusion of the Λ hyperon does not produce excessive changes in bulk properties 
but shifts the neutron drip line by stabilizing an otherwise unbound core nucleus at the drip line. 
For example, the nucleus 42Ne is predicted to be unbound without the Λ. The presence of the 
strange baryon stabilizes the unbound core and 42+ΛNe becomes bound. The microscopic 
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mechanism through which additional neutrons are bound to the core originates from the increase 
in magnitude of the spin-orbit term for nucleons in presence of the Λ particle [23]. 
 Most of these calculations of hypernuclei were based on spherical symmetry, although 
there were some attempts of deformed HF calculations with schematic interactions [24][25]. 
Deformation of p-shell nuclei was taken into account in [26] by using the Nilsson model and 
assuming the same deformation for both the core and the hypernuclei.  
 Recently, the properties of Λ hypernuclei in a broad mass region have been studied by the 
Deformed Skyrme-Hartree-Fock (DSHF) approach with a microscopically determined 
lambda-nucleon interaction based on Bruneckner -Hartree-Fock calculations [27]. It is found that 
the core nuclei and hypernuclei have similar deformations with the same sign, which is the same 
conclusion as that of the calculations of α-cluster model in [28]. Moreover, the Λ binding energies 
BΛ confront satisfactorily with experimental values [27].   
 In this thesis, I discuss the structure of single-lambda hypernuclei using another 
mean-field model, i.e., the relativistic mean field (RMF) approximation for the axially deformed 
case. I especially study the effects of Λ hyperon on the ground state properties such as the total 
binding energy, deformation, r.m.s radii and single particle energies. The RMF theory provides a 
framework for describing the nuclear many body problems as a relativistic system of baryons and 
mesons. In describing the single-particle structure of ordinary nuclei, this RMF approach [29][30] 
has been successful in comparing with the experimental data. Furthermore, this model provides a 
natural explanation of the spin-orbit force, which plays a crucial role in describing atomic nuclei. 
   As the first step of my research, I apply the RMF code to axially deformed nuclei [31]. 
To calculate the ground state properties of Λ-hypernuclei, the RMF code [31] is modified by 
adding the lambda-meson coupling term. In this case, I assume that the single-Λ particle is added 
to the ordinary nuclei in the lowest single-Λ particle state. I study particularly Ne and Si isotopes 
and corresponding A+ΛNe and A+ΛSi isotopes. I am interested in the deformation of isotopic chains 
when a Λ hyperon is added to these isotopes, which has been discussed in Ref[27] using DSHF 
approach. Since the glue-like role of the Λ particle plays a crucial role in binding energy, I am also 
interested in studying the last bound isotope when a Λ particle is added to the ordinary nuclei. In 
my calculations, I use the parameter sets NLSH and NL3 and also consider the effect of pairing. 
The pairing effects are included in the constant gap approximation. I also discuss the dependence 
of the theoretical results on the choice of the effective interactions (parameter sets) as well as on 
the pairing. 
 The thesis is organized as follows. In Chapter (2), I first review the Λ-hypernuclei. The 
general concepts of deformation of nuclei and the deformed shell model (Nilsson model) are 
discussed in Chapter (3). This model is important for understanding the properties of deformed 
nuclei. In Chapter (4), I review the basic concepts of relativistic quantum field theory [29], 
relativistic Lagrangian density and RMF equations, which I use to study properties of 
Λ-hypernuclei. In Chapter (5), I describe the RMF theory for axially symmetric nuclei and detail 
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basis expansion method, which has been widely used in both relativistic and non-relativistic 
mean-field calculations. The BCS method for the pairing is briefly reviewed and the characteristic 
features of various parameter sets are also briefly described. In Chapter(6), the extension of RMF 
theory to hypernuclei is described. In Chapter (7), the RMF calculations for Ne and Si isotopic 
chains of core nuclei and corresponding hypernuclei are presented. Finally, the summary for this 
study and future perspectives are given in Chapter (8). 
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Chapter (2)   
Introduction to Hypernuclei  
 
 The purpose of this thesis is to study the structure of single-lambda hypernuclei. For this 
purpose, I review the formation, structure, production, decay and interaction of Λ hypernuclei in 
this chapter. 
 All known nuclei are made of the two nucleons, protons and neutrons. Hypernuclei 
consist of nucleons and hyperon. These hyperons were found for the first time in cosmic ray 
experiments and they were named as “strange particles” because of their unusual long lifetimes of 
about 10-10 sec compared to the lifetimes of the order of 10-23sec for particles that decay directly 
through the strong interaction. In 1953, the formation of hypernuclei was first observed by Polish 
physicists M. Danysz and J. Pniewski in a stack of photographic emulsions exposed to cosmic 
rays at about 26 km above the ground [32]. In the early times, hypernuclei were called 
hyperfragments.  
 In the quark picture, baryons are made up of two lightest up and down quarks, the proton 
(uud) and the neutron (udd) correspondingly. A baryon containing up, down and the third flavor, 
a strange quark is called a hyperon. The lightest hyperon, the Λ-particle (uds), and the three 
Σ−particles (uus,uds,dds) contain one strange quark, the two more heavy Ξ-particles (uss,dss) 
contain two strange quarks and the Ω-particle (sss) is solely made up of three strange quarks. 
These quarks have their corresponding charges, 
 up (u)  → 2/3e  
 down (d)→-1/3e 
 strange (s) →-1/3 e respectively. 
 The Λ hyperon belongs to the baryon octet as shown in Fig(2.1), like the nucleons 
(proton and neutron), with mass 1115.684 ± 0.006 MeV/c2 , which is 20% heavier than the mass 
of the nucleon, zero charge and isospin I=0. It carries a new quantum number, the strangeness   
S = -1. Hypernuclei with strangeness -1 have been intensively studied in both theoretically and 
experimentally since the time of the first discovery of such formation. It is commonly believed 
that a hyperon can be treated as an “impurity” to probe deep interior of the nuclear medium and to 
explore the changes in size and shape of nuclei due to the short-range feature of hyperon-nucleon 
interaction. 
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 Fig (2.1) The Octet of light spin=1/2 baryons 
 Λ-hypernuclei can be produced by means of the so-called strangeness exchange 
reaction , by which a neutron in the nucleus is replaced by a Λ particle via the strong interaction. 
For example, 
Λ+π→+ −− nK  (2.1) 
 ( udsududdsu +→+ ) 
 There are also other methods to produce Λ hypernuclei using  
 Λ+→+π ++ Kn   (2.2)          
 ( udssuudddu +→+ )  
 Λ++′→+ +Kepe  (2.3) 
       ( udssueuude ++′→+ ). 
 From the view point of constituent quarks, an s quark in the kaon beam is exchanged with 
a d quark in the case of the (K−, π−) reaction, while in the (π+, K+) reaction and also in the (e, e' 
K+) reaction, and ss −  pair is created associatively, resulting in the production of both a Λ 
hyperon and a kaon.  
 Therefore, a Λ hypernucleus can be produced in a various reactions with beams of mesons, 
protons and heavy ions. It can be also produced by electromagnetic interactions p(γ,K)Λ, which is 
a technique practically used recently. Resolutions much better than previous counter experiments 
and new hypernuclear species are produced [33]. In most cases of hypernuclear reactions, a 
hypernucleus is populated in a nucleon-hole hyperon-particle state (i.e., a nucleon in the target has 
been converted to a Λ hyperon). Experimentally, hypernuclei up to mass number of A=209 have 
been observed, where one neutron is replaced by a Λ. The hypernuclear chart with the 
hypernuclear states is shown in Fig (2.2).  
  A Λ-hypernucleus is generally indicated with the symbol of the parent nucleus with the 
suffix Λ, indicating that a Λ particle has replaced with a neutron. For example, C12Λ means a 
nuclear system composed of 6 protons, 5 neutrons and one Λ particle. Similarly, two Λ’s may 
stick to nuclear core and form the double Λ-hypernuclei, indicated by the symbol ZAΛΛ , in which 
2 nucleons are substituted by 2 Λ particles. One example is He6ΛΛ , a system composed of 2 
protons, 2 neutrons and 2 Λ particles. 
hyperons 
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Fig(2.2) Λ-hypernuclear chart. The experimentally identified Λ hypernuclei and experimental methods 
used to study them are shown. (Taken from Ref.[5]) 
  
A free Λ hyperon is unstable and decays with lifetime 2.63 ± 0.02 x 10-10s, via the weak 
interactions,  
 −π+→Λ p  (63.9 ± 0.5)% (2.4) 
 0π+→Λ n  (35.8 ± 0.5)% . (2.5) 
 The energy released in the free decay is about 40 MeV and the corresponding momentum 
of the nucleon and pion in their center of mass frame is 100MeV/c. In the case of the decay of a 
hypernucleus, once they are stable against strong decay, they decay via weak decay mode,    
Λ→ Nπ, i.e., a Λ in a hypernucleus decays to a nucleon and a pion, as a free Λ does. This is called 
a π-mesonic weak decay process. However, the π-mesonic decay is strongly suppressed in 
hypernuclei, except very light ones, due to the small energy release in the process and the Pauli 
blocking. Instead of this decay mode, non-mesonic weak decay (NMWD) mode, becomes 
dominant in medium-heavy hypernuclei due to much larger momentum of the emitted nucleon 
about 400MeV/c, than the typical Fermi momentum, about 270 MeV/c. Non-mesonic decay mode 
is the strangeness changing baryon-baryon weak interaction process. The study of the nonmesonic 
weak decay of hypernuclei via  
 Λ + p→p + n  
 Λ + n→n + n (2.6) 
provides an opportunity to study baryon-baryon weak interaction and short-range forces in 
nuclear matter.  
 Lifetime of Λ-hypernuclei in the mass range from carbon to iron has been determined to 
2006 
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be at the order of 10-10s [34], which is close to lifetime of the Λ in free space. Although strange 
particles interact through strong force, the strange quark itself can decay only by conversion to a 
quark of different type (u or d) through the weak interaction. For this reason, strange particles 
have long life times of the order of 10-10s. 
 If the conservation of strangeness is taken into account, strangeness is not conserved in 
weak decay processes [Eq(2.4),(2.5)]. However, since strangeness is conserved in the strong 
interactions [Eq(2.1)-(2.3)] and the Λ particle is the lighter particle in the family of hyperons 
(baryons with strangeness), it can stay in contact with nucleons inside nuclei and form 
hypernuclei. The existence of hypernuclei is of great scientific interest because it gives a new 
degree of freedom to the traditional world of nuclei. The Λ hyperon, carrying the strangeness 
quantum number, is a distinguishable baryon and is not subject to the limitations imposed by the 
Pauli principle, therefore it can occupy all quantum states already filled up with nucleons. This 
feature makes the Λ hyperon, embedded in a hypernucleus, a unique way to explore nuclear 
structure.  
 One of the most important motivations of hypernuclear γ-spectroscopy is to study the 
hyperon-nucleon interactions. The ΛN effective interaction [35] in p-shell Λ hypernuclei is 
written in the form  
 120 )()()()()()( SrVslrVslrVssrVrVrV TNNNNNN ++++= ΛΛΛΛΛσΛ  (2.7) 
where the first term, V0(r), the central force, the other four are spin dependent terms in which  
the second term takes into account the spin interaction, the third and fourth terms are the 
spin-orbit interactions with lambda –spin dependent and nucleon-spin dependent spin-orbit terms, 
and NN rrS σσ−σσ= ΛΛ )ˆ)(ˆ(312  is the tensor operator. The Λ-N interaction is weak compared to 
N-N interaction, as evidenced by the absence of bound sates of a Λ hyperon with a nucleon, 
whereas a neutron and a proton form a bound system, the deuteron. The ΛN potential has 
low-energy which has been calculated and obtained from a precise fit to the binding energies of 
Λ-single-particle levels [36].    
Furthermore, an important feature of ΛN interaction is that one has seen very small 
spin-orbit splitting of Λ-single particle states. The experimental data of [37] gave very small 
values for the splitting. The shell model calculations also show that the ΛN spin-orbit potential is 
much smaller than the one for the nucleon [38]. Small spin-orbit splitting leads to the statement 
that the Λ behaves as a spinless neutron [39]. A theoretical dissusion of this topic can be found in 
[35]. Investigation of ΛN spin-orbit interaction has been of great interest because it is expected to 
provide information to the understanding of the origin of the nuclear spin-orbit interaction, which 
is not well understood today.  
The binding energy BΛ of a Λ particle in the hypernucleus ZAΛ in its ground state is 
defined as: 
 BΛ = M core + MΛ - M hyp (2.8) 
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where M core is the mass (in MeV/c
2) of the nucleus (A-1)Z , MΛ is the mass of the Λ particle 
and M hyp the mass of the hypernucleus Z
A
Λ , which are experimentally measured. BΛ varies 
linearly with A with a slope of about 1 MeV/(unit of A) and saturates at about 23 MeV for the 
heavy hypernuclei. This behavior suggests a simple model in which the Λ particle is confined in a 
potential well with a radius equal to the nuclear radius and a depth of 28 MeV, to be compared to 
the 55 MeV typical value of the nucleon potential well. 
 
Fig(2.3) The potentials and single-particle levels for the hypernucleus O17Λ in the RMF model  
 (taken from [42]) 
 
  Fig(2.3) shows as an example of a calculation of the potential and single particle 
energies for the hypernucleus O17Λ . The potential for the Λ is shallower than for the nucleon but 
they have similar radius. The 1s state of the Λ is a separate state within this Λ potential. The 
surface thickness is bigger for the Λ density distribution than for the nucleons. This will cause a 
Λ-halo as the Λ is not as deeply bound as the nucleons. The single particle energies for the 1p 
states of the Λ are very close to each other, like the weak spin-orbit force of the Λ-nucleon 
interaction. Calculations using Hartree-Fock models [36], RMF models [40][41] are able to 
reproduce very nicely the observed trend of the single particle energy with mass number.   
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Fig(2.4) E2 transitions in low lying states of Li7Λ (taken from [43])  
 
 When a Λ is added to a loosely bound nucleus such as 6Li and 8Be and it enters into the 0s 
orbit, the nucleus shrinks into a more compact system and the low-lying unbound excited states 
become bound states, due to the attractive force between Λ and nucleons. This effect, called 
“glue-like role” of Λ, is one of the impurity effects caused by the addition of Λ. Experimentally, 
this effect can be verified from E2 transition probability B(E2). For example, the E2 transition 
5/2+→1/2+ of Li7Λ , is smaller than the E2 transition 3+→1+ of the core nucleus 6Li as shown in 
Fig (2.4). But existence of a Λ in the 0s orbit is expected to shrink the 6Li core by about 20% [44] , 
which results in reduction of B(E2) by a factor of 3 or 4, according to the cluster-model 
calculations [44]. In cluster models, the reduction of the B(E2) value can be interpreted as due to 
shrinkages of the intercluster distances. Thus, the phenomenon of nuclear shrinkage induced by a 
Λ-particle, which was first predicted by T.Motoba [45], has been experimentally confirmed 
[43][46].Moreover, the changes of the cluster structure of Ne20Λ  by addition of Λ is predicted in 
ref. [47]. It is a good example of “impurity effect” of a Λ particle to nuclear structure, which has 
become experimentally accessible due to the excellent resolution of γ-ray spectroscopy.   
 In recent years, in light nuclei (without the Λ particle) near the neutron drip line, neutron 
halo has been observed. If a Λ particle is added to such a halo nucleus, a very weakly bound 
system, the resultant hypernucleus will become substantially stable against the neutron decay. 
This will contribute to extend the nuclear drip line. This is because of the glue-like role of 
Λ-particle. If the core nucleus has a weakly unbound state with a appropriate energy above the 
particle decay threshold, there is a new chance to produce a hypernuclei with neutron (proton) 
halo state. The study of the halo structure of He6Λ and He
7
Λ  is found in ref [48]. In the case of 
He7Λ , the core nucleus 6He has a neutron halo but an addition of Λ will shrink the system and 
drastically change the structure of the core nucleus, according to the cluster model calculation 
[48]. It was pointed out that He6Λ has an interesting structure, that is, there are three-layer 
structure in He6Λ , α core, Λ skin and neutron halo. Searching for hypernuclei with neutron 
excess and neutron halo has been an interesting subject and the neutron-rich hypernuclei such as 
BH 124 , ΛΛ [49] and Li10Λ  [50] have been produced.   
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Chapter (3)   
Nuclear Deformation  
 The shape of nuclei, i.e., the nuclear deformation, plays a crucial role in determining their 
properties such as quadrupole moment, nuclear size and isotope shift. In this thesis, I am 
interested in investigating the effect of Λ hyperon on the deformation of nuclei. For this purpose, I 
briefly review deformation parameters and quadrupole deformation [51][52] in this chapter. 
 
(3.1) Deformation Parameters and Quadrupole Deformation 
 
 For simplicity, we will neglect the thickness of nuclear surface layer in the following. 
Therefore, one may start with the model of a liquid-drop of constant density and with a sharp 
surface. The interior structure, i.e, the existence of individual nucleons, is neglected in favor of the 
picture of homogeneous fluid-like nuclear matter. With these assumptions, the nuclear surface 
may be described generally by an expansion in spherical harmonics with shape parameters as 
coefficients, so that the radius of the deformed nucleus can be expressed as 
 ⎟⎟⎠
⎞
⎜⎜⎝
⎛ φθα+=φθ ∑∑ λ
λ−=μ
λμ
∞
=λ λμ
),(1),( *
2
0 YRR  (3.1) 
where R(θ,φ) denotes the nuclear radius vector pointing from the origin to the surface, and R0 is 
the radius of the sphere with the same volume.  
 The nuclear radius is real, i.e, R(θ,φ) = R*(θ,φ). Applying this to Eq(3.1) and using the 
property μ−λ
μ
λμ −= Y)1(Y* , we get μ−λμλμ α−=α )1(* . The radius is invariant under reflection and 
rotation of the coordinate system. Therefore, αλμ is transformed under a rotation of the coordinate 
system as    
 ∑
μ
λμ
λ
μμλμ αΩ=α′
'
'' )(D  ,  λλ−=μ .,,.........  (3.2) 
where )(D ' Ωλ μμ are the Wigner functions of the rotation and α'λμ are the deformation parameters 
in the new system.  
 The general expansion of the nuclear surface in Eq(3.1) allows arbitrary distortions as 
shown in Fig(3.1). 
   
 
 
 
 
Fig(3.1) Nuclear shapes with quadrupole (λ =2), octupole (λ =3) and  
 hexadecupole (λ =4) deformations 
 
λ = 2 λ = 3 λ = 4 , α40>0 λ = 4, α40<0 
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 The quadrupole with λ = 2 turns out to be the most important. This deformation looks like 
an ellipsoidal deformation. For the case of pure quadrupole deformation, the nuclear surface is 
given by 
  ⎟⎟⎠
⎞
⎜⎜⎝
⎛ φθα+=φθ ∑
μ
μμ ),(1),( 2
*
0 2
YRR . (3.3) 
In this case, we have five parameters α2μ . 
 To investigate the actual form of the nucleus, the spherical harmonics are rewritten in 
terms of the Cartesian components 
 ξ = sinθ cosφ ,  η = sinθ sinφ,   ζ = cosθ (3.4) 
 
)2(
32
15sin
32
15),(
)(
8
15cossin
8
15),(
)2(
16
5)1cos3(
16
5),(
2222
22
12
2222
20
ξη±η−ξπ=θπ=φθ
ηζ±ξζπ=θθπ=φθ
η−ξ−ζπ=−θπ=φθ
φ±
±
φ±
±
ieY
ieY
Y
i
i
m
mm  (3.5) 
 
Inserting these into Eq(3.3) gives 
 )2221(),,( 2220 ηζα+ξζα+ξηα+ζα+ηα+ξα+=ζηξ ηζξζξηζζηηξξRR  (3.6) 
where the Cartesian components of deformation are related to spherical ones by 
 
)2(
15
16
6
1
)2(
15
8
)2(
15
8
2
1
20
12
22
ηηξξζζ
ξηξζ±
ξηηηξξ±
α−α−απ=α
α±απ=α
α±α−απ=α
i
i
m  (3.7) 
 If there is any symmetry axis of the nucleus, it can have an arbitrary orientation in space, so 
that the shape of the nucleus and its orientation are mixed in the α2μ. For a static deformation, if 
this orientation is separated by going into the body fixed system, the geometry of the nucleus 
becomes clearer. Therefore, we transform to this new coordinate frame by a suitable rotation, and 
denote by primed quantities. For symmetry reasons, we take only diagonal components with 
respect to ξ, ζ and η, then Eq(3.6) becomes 
 )1(),,( 2220 ζα′+ηα′+ξα′+=ζ′η′ξ′ ζζηηξξRR   (3.8) 
and the condition α'ξη = α'ξζ = α'ηζ = 0 implies 012 =α′ ±  (3.9) 
 Then, the five coefficients of α2μ reduce to two real independent variables α'20 and     
α'22 = α'2−2 (with 012 =α′ ± ), which determine the shape of the nucleus, together with the three 
Euler angles θ = (θ1,θ2,θ3), which determine the orientation of the body-fixed frame characterized 
by three axes x',y',z' with respect to the laboratory-fixed frame x, y, z.  
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  If only λ = 2 is considered, this leads to 
 ( )),(),((),(1),( 22222220200 φθ+φθα′+φθα′+=φθ −YYYRR . (3.10) 
 For convenience, deformation parameters β and γ (so-called Hill-Wheeler coordinates) 
are often used, which are defined via 
 γβ=α′ cos20 ,     γβ=α′ sin2
1
22 . (3.11) 
Note that 
  2222
2
20
2
2 2 β=α′+α′=α′∑
μ
μ . (3.12) 
 One can calculate the increments of the three semi-axes in the body-fixed frame as 
functions of β and γ. Using the notation δRκ, where 3,2,1=κ  corresponds to x', y' and z' 
directions, 
 ⎟⎠
⎞⎜⎝
⎛ κπ−γβπ=δ κ 3
2cos
4
5
0RR . (3.13) 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig(3.2) Various nuclear shapes in β−γ plane 
 
 Fig (3.2) shows various nuclear shapes in the (β,γ) plane and how they are repeated every 
Δγ = 60°. A triaxial shape corresponds to the one where lengths along the three axes are different 
from each other. Many nuclei have an axial symmetry shape, where the prolate shape corresponds 
to the one with one longer and two shorter lengths along the axes, while the oblate shape 
corresponds to the one with two longer and one shorter lengths. For example, prolate x' = y' 
implies prolate shapes with z' axis as the long axis and the two other axes are equal. From the 
figure, one can see that (i) the prolate shape with the symmetry axis z', x' and y' corresponds to γ = 
0°, 120° and 240° respectively; (ii) the value of 180°, 300° and 60° yields the oblate shape with 
the symmetry axis z', x' and y', respectively; (iii) with a value which is not equal to a multiple of 
60°, a triaxial shape results; (iv) all possible quadrupole deformed shapes can be described in the 
interval of 0 ≤ γ≤ 60°.  
 
β 
γ= 0° 
γ= 60° γ= 120° 
γ= 180° 
γ= 240° γ= 300° 
Prolate x' = y' 
Prolate y' = z' 
oblate x' = z' 
oblate x' = y' 
prolate x' = z' oblate y' = z' 
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(3.2) The Deformed Shell model  
 
 The purpose of this section is to describe the basic single-particle model applicable to 
nearly all deformed nuclei. In 1955, the Swedish nuclear physicist Sven Gösta Nilsson developed 
the “deformed shell model”, which is also known as the Nilsson model. The Nilsson Diagram 
[51][52][53] is essential for understanding many of the properties of deformed nuclei.  
 Firstly, a valence nucleon in a single j orbit in a prolate deformed potential is considered 
[Fig (3.3-a)]. It will have lower energy if its orbit lies closer to the nuclear matter than if it lies at 
larger distance from it, i.e., the energy of the nucleon depends on the orientation with respect to 
the nuclear symmetry axis. One can specify this orientation by considering the projection of the 
total angular momentum which is denoted by K on the symmetry axis, as shown in Fig(3.3-a). 
The low K values correspond to equatorial motion near the bulk of the nuclear matter for a prolate 
quadrupole deformation and have lower energy. 
 
Table 3.1 Classical orbit angles, relative to the nuclear equator, for j = 13/2 
K 1/2 3/2 5/2 7/2 9/2 11/2 13/2 
θ (deg) 4.4 13.3 22.6 32.6 43.8 57.8 90 
Δθ (deg) 8.9 9.3 10.0 11.2 14.0 32.2 
 
 
 
 
 
 
 
 
 
 
Fig.3.3 (a) Projection of Angular momentum (K) of the symmetry axis  
 (b) Variation of single-particle energies of i13/2 orbits with different projections K on the 
symmetry axis z (corresponding to the orientations θ ) as a function of deformation (β>0, prolate to the 
right) 
   
  To consider the angles of the orbits corresponding to different K values, we can 
approximate the angle of an orbital plane by sinθ = K/j. These angles are given in Table 3.1. The 
interesting feature is that θ changes slowly for low K values and rapidly for high K values. 
Therefore, for prolate deformation (β>0), the energy drops rapidly with β for low K values and 
rises rapidly for the higher K value [Fig(3.3-b)].   
j 
K Zθ
2
13
2
11
2
9
2
5
2
3
2
1
2
7
2
13i
j
K1sin −=θ  
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(3.2.1) The Anisotropic Harmonic Oscillator 
 
 In this section, I review some properties of three-dimensional harmonic oscillator for 
understanding the Nilsson model and the role of the quantum number, nz. To illustrate the 
significance of Nilsson diagram, we will first consider the three-dimensional harmonic potential 
in  
 )(
2
1
222
ˆ 222222
222
0 zyxmm
p
m
p
m
pH zyxz
yx ω+ω+ω+++= . (3.14) 
 We suppose the nucleus is deformed in ellipsoidal distribution with the axial symmetric. 
Nuclear matter is fairly incompressible under ordinary condition. This requires that the volume of 
ellipsoid is the same as that of the sphere, implying  
 V = constant = zyx
3
0 aaa3
4R
3
4 π=π . (3.15) 
Here, ax,ay,az are half axes of the ellipsoid.  
This volume conservation gives a condition on the oscillator frequencies: 
 .const30zyx =ω=ωωω  (3.16) 
with 
ν
ν ω=ω a
R. 00  i.e, axishalf
1frequency ∝      , ν = x, y, z. 
 The Hamiltonian (3.14) is separable in x, y, z . The eigen states are characterized by the 
quantum numbers nx, ny, nz and the eigen values are 
 )()()(),,( 212121 +ω++ω++ω=ε zzyyxxzyx nnnnnn hhh . (3.17) 
 In the case of axially symmetric shapes, the z-axis is chosen as the symmetry axis and a 
deformation parameter δ is introduced by the following definition: 
 )1( 3
22
0
2
y
2
x
2 δ+ω=ω=ω=ω⊥  (3.18) 
 )1( 34
2
0
2 δ−ω=ω z  (3.19) 
where ω0 is the oscillator frequency (h ω0 = 41A-1/3 ). 
From Eq(3.16), we have 
 6/1327
162
3
4
0 )1(
−δ−δ−ω = constant. (3.20) 
Nilsson introduced a deformation-dependent oscillator length 2/10 ))(/()( δω=δ mb h  and 
dimensionless coordinates r'= r/b and θ', φ'. Utilizing these dimensionless coordinates and the 
explicit expression for the spherical harmonics Y20, the potential in Eq(3.14) can be written as 
 ),()( 20
2
0
2
02
1 φ′θ′′ωβ−′ω=′ YrrrV hh  (3.21) 
where β is related to δ via δπ=β
53
4
    (3.22) 
 The equipotential surfaces are ellipsoids. In the first order in the deformation δ, they can be 
represented by  
 )),(1(~ 20 φ′θ′β+′ Yr .   (3.23) 
So, the Hamiltonian [Eq(3.14)] has the form 
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 )),(
2
1
2
1(ˆ 20
22
00 φ′θ′′β−′+Δ′−ω= YrrH h . (3.24) 
 Since spherical symmetry is broken but axial symmetry remains, the solutions to the 
Hamiltonian (Eq- 3.24) can be obtained by using cylindrical coordinates with the associated 
quantum numbers nz, nr, ml with  
 N = nz + 2nr + ml = nx + ny + nz  (3.25) 
where N is the principal quantum number denoting the major shell, nz is the number of nodes in 
the wave function in the z-direction, nr is number of quanta in x,y direction and ml is the angular 
momentum projection on the symmetry axis. 
 Then, the energy eigen values in cylindrical basis are obtained by replacing these 
quantum numbers to Eq(3.17),  
 )12()(),,( 21 ++ω++ω=ε ⊥ lrzzlrz mnnmnn hh . (3.26) 
 For the most common case of a prolate nucleus, equatorial orbits are nearest to the nuclear 
matter and lie lowest. Since the nucleon wave function is most extended in the z-direction and the 
wave functions have the largest number of nodes in the z-direction (largest values of nz). Hence, 
from Eq(3.25) and (3.26) it can be said that lowest lying orbit has the highest possible nz as shown 
in Fig(3.4-a). The maximum value of nz for a given principal quantum number N is nz = N. It is 
also noted that there is a relation between the permissible values of nz and ml such that their sum 
must be even if N is even (positive parity) and odd if N is odd (negative parity).  
 
(3.2.2) Nilsson Model 
  
 The Nilsson model is a shell model for a deformed nucleus. This means that nucleons 
move in a non-spherical potential and it was first given by Nilsson. This potential is the extension 
of spherical shell model potential, V(r) = 1/2mω2r2 and is considered under axially symmetric 
case using cylindrical coordinates. In this case, the strong spin-orbit force needs to be added to 
Eq(3.14) and (3.24) in order to reproduce the right magic numbers. An appropriate single-particle 
Hamiltonian for a nucleus with the symmetry axis z is 
 H 222222
2
.])([
2
1
2
lDslCzyxm
m z
rrrh ++ω++ω+Δ−= ⊥    (3.27) 
 220
22
0 .)),(2
1
2
1(   lDslCYrr
rrrh ++φ′θ′′β−′+Δ′−ω=  (3.28) 
where ω⊥= ωx,ωy, and ωz are one-dimensional oscillator frequencies in the x, y and z directions. 
The term C = -2h ω0κ determines the strength of the spin-orbit coupling and the term Dl2 with  
D = -h ω0κμ accounts for the fact that, at large distances from the centre of the nucleus, the 
nucleons experience a deeper potential in the realistic case as compared to the harmonic oscillator, 
thus shifting the levels with higher l values to lower energy. Different values of κ and μ are used 
for different shells by fitting the experimental data.   
 In order to obtain the eigen value of the Nilsson Hamiltonian as a function of δ, Eq(3.27) 
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has to be diagonalized with a suitable basis. For the small deformation, j is approximately a good 
quantum number. The original article by Nilsson considered the basis |NljK> to construct the 
energy matrix. In the region of small deformation, the quadrupole term r2Y20 can be used as 
perturbation and evaluated in the basis |NljK> in which l2 and ls terms are diagonal. By definition,  
 K = ml + ms = ml ± 1/2,  (3.29) 
where ms is the projection of the intrinsic nucleon spin on the symmetry axis. 
 For large deformation, the sl r
r
. and 2l
r
terms in Eq(3.27) and (3.28) can be neglected in 
comparison with quadrupole deformation βY20. In this limit, the quantum numbers N, nz, ml and K 
become good quantum numbers. They are also known as asymptotic quantum numbers. Thus, it is 
able to label the single-particle levels with the set Kπ [Nnzml], where parity π = (-1)N. The 
resulting single particle energies are plotted as functions of deformation in Fig(3.5). To show 
some more detail, Fig (3.6) displays the Nilsson diagram above the shell for Lead, where the 
levels are labeled with quantum numbers Kπ [Nnzml]. 
 Moreover, some general features of Nilsson diagram are mentioned as follows.   
 For a spherical case, the nucleon state is (2j+1)-fold degenerate. This degeneracy is 
removed by the deformation, i.e, when a nucleon moves in the deformed potential. So, it should 
be realized that a state with a j value under deformation gets split up into 1/2(2j+1) levels having 
different K values. The factor 1/2 comes in 1/2(2j+1) because of the reflection symmetry in nuclei 
implies that the states +K and –K correspond to the same energy. Each of these is twofold 
degenerate with +K, -K and its parity. Each K value determines an energy level. The low K values 
correspond to the equatorial motion near the bulk of nuclear matter for prolate quadrupole 
distortion and have lower energy. In the deformed nucleus, j and l are no longer conserved and the 
only remaining good quantum number is K. Then, to consider the configuration mixing of 
different j values on the K splitting, no two lines in the Nilsson diagram corresponding to the 
same K value (and parity) cross. Each line in figure (3.4-a) represents a Nilsson state and starts 
out straight and is downward or upward sloping according to the angle of the orbit relative to the 
main mass of the nucleus. It only starts to curve when it approaches another level with the same K 
and parity (Fig.3.4-b). The repulsion Δε at the crossing point is proportional to the interaction 
strength of two levels with the same Kπ.   
 
 
 
 
 
 
 
Fig.3.4 (a) Levels of anisotropic harmonic oscillator as a function of δ, for varying a number of 
oscillator quanta along z-axis (nz)  
 (b) No crossing rule for two levels with the same symmetry 
Δε 
ε(nz nr ml) 
nz =0
nz =1
nz =2
nz =3
δ 
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Fig (3.5) Lowest part of the Nilsson diagram (taken from Ref [52]) 
 
Fig (3.6) Nilsson diagram for Z= 82-126 region. The single-particle states are labeled with the  
 Kπ[Nnzml] (taken from Ref [52]) 
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Chapter (4) 
The General Formalism of  
Relativistic Mean Field Theory 
  
 The aim of this thesis is to study deformation properties, which I reviewed in the previous 
chapter, of hypernuclei using the Relativistic Mean Field (RMF) theory. The Relativistic Mean 
Field theory has been successful in describing nuclear matter properties of finite nuclei spread 
over the entire periodic table. RMF is a phenomenological model for description of the nuclear 
many-body problem. To develop the formalism for RMF, I first follow the relativistic quantum 
mechanics and relativistic quantum field theory. I also summarize the primary notation used for 
relativistic particles in section (4.1). In the section (4.2) and (4.3), the effective Lagrangian 
density and equations of motion for the nucleon and the mesons are given.  
 
(4.1) Basic concepts of RMF   
  
 The frame work for our investigations is based on the model of relativistic quantum field 
theory proposed by Walecka [29]. This model describes the nucleus as a system of Dirac nucleons 
which interact via the exchanges of mesons and photon fields. It is assumed that the neutral scalar 
meson σ couples to the scalar density of baryons through σψψσg and that the neutral vector 
meson ωμ couples to the conserved baryon current through μμω ψωγψg . Here, ψ is the baryon 
field, gσ and gω are the coupling constants. 
 
  The total Lagrangian density for the present model is given as 
  couple
free
M
free
N LLLL ++= . (4.1)  
 The first term of Eq(4.1) describes free nucleons with mass M 
 
free
NL ψ−∂γψ= μμ )Mi(  (4.2) 
The meson term describes free mesons and photons 
 
free
ML μνμνμμμνμνσμμ −ωω+ΩΩ−σ−σ∂σ∂= FFm)m( v 4
1
2
1
4
1
2
1 222  (4.3) 
The nucleon-meson coupling is described by the coupling term as 
 =coupleL σψψ−ψωγψ− σμμω gg  (4.4) 
The field tensors of the vector meson and photons take the following form 
 μννμμν ω∂−ω∂=Ω , μννμμν ∂−∂= AAF  (4.5) 
Here, we employ the four matrices,  γμ (μ = 0,1,2,3): 
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  γ0 = β , γ = βα = (γ1,γ2,γ3) (4.6) 
 
 β= ⎟⎟⎠
⎞
⎜⎜⎝
⎛
−=γ 10
010 ,       γ = ⎟⎟⎠
⎞
⎜⎜⎝
⎛
σ−
σ
0
0
r
r
,       α = ⎟⎟⎠
⎞
⎜⎜⎝
⎛
σ
σ
0
0
r
r
    
 ⎟⎟⎠
⎞
⎜⎜⎝
⎛=γγ
10
01
. 00  (4.7) 
The four-vector is ),( ∇∂
∂=∂
∂≡∂ μμ
r
tx
.  
The adjoint wavefunction is 0γψ≡ψ + . 
  A classical relativistic field theory starts from a number of fields, qi . The dynamics of 
the fields is determined through the Lagrangian density L(q, ∂μq,t) and the variational principle 
∫ ∫ =∂δ=δ μ 0),,(4 tqqLxddtL ii , (4.8) 
where qi = φ, V, ψ fields. This equation leads to the Euler-Lagrange equations of motion 
 0
)(
=∂
∂−⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂∂
∂∂
μ
μ
ii q
L
q
L
  for all qi . (4.9) 
The energy momentum tensor is given by  
 μνT i
i
q
q
LLg ν
μ
μν ∂∂∂
∂+−=
)(
. (4.10) 
The equation (4.8) ensures that this tensor is conserved and satisfies the continuity equation 
0=∂=∂
∂ μν
μ
μν
μ TTx
 (4.11) 
and the four-momentum ∫= νμ orTdP 3  (4.12) 
is conserved. The energy is its zeroth component 
 )(30 rHrdEP ∫==  (4.13) 
defined as the integral over the Hamiltonian density 
 −∂
∂== i
i
q
q
LTH &&
00 L. (4.14) 
Inserting Eq(4.1) into Eular-Lagrange equation (4.9) gives the field equations 
 ψψ=σ+∂∂ σσμμ gm )( 2  (4.15) 
 ψγψ=ω+Ω∂ νσνμνμ gmv2  (4.16) 
 0)]()([ =ψσ−−ω−∂γ σμωμμ gMgi . (4.17) 
 
 Eq(4.15) is simply the Klein-Gordon equation with a scalar source. Eq(4.16) looks like 
massive QED with the baryon current 
  ψγψ= μμB  (4.18) 
as a source and its conservation is 0=∂ μμ B . (4.19) 
 Finally, the eq(4.17) is the Dirac equation with scalar and vector fields introduced in a 
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minimal fashion.  
 The eqs(4.15)-(4.17) are nonlinear quantum field equations, and their exact solutions are 
very complicated. So, it is necessary to introduce some approximation. If the baryon density 
increases, the source terms on the right sides of Eq(4.15) and (4.16) are also increased. When 
source terms are large, the field operators can be replaced by their expectation values,   
 0σ≡σ→σ  (4.20)
 00ωδ≡ω→ω μμμ . (4.21) 
 Before we discuss finite nuclei, it is helpful to consider a static and uniform system. For a 
static, uniform system, σ0 and ω0 are independent of xμ and these quantities are constant. 
〈 ωr 〉vanishes because of its rotational invariance.  
 Now, meson field equations (4.15)-(4.17) can be solved for constant classical fields σ0 
and ω0 as follows, 
 s
ss m
g
m
g ρ≡ψψ=σ σσ 220  (4.22) 
 B
vv
v
m
g
m
g ρ≡ψψ=ω + 220 . (4.23) 
 According to Eq(4.18) and (4.19), the baryon density VBB /=ρ  is a constant of motion 
in a uniform system of B baryons in a volume V .Therefore, ω0 is directly known from the 
equations of motion. φ0 involves the Lorentz scalar density sρ≡ψψ and can be solved 
self-consistently. 
 If we substitute Eq(4.22) and (4.23) into Eq(4.17), the Dirac equation becomes linear and 
can be solved directly as follows, 
 0][ *0
0 =ψ−ωγ−∂γ ωμμ Mgi  (4.24) 
where effective mass 0
* σ−= σgMM . We find that the condensed scalar field φ0 serves to shift 
the mass of baryons. We may find stationary state solutions of Eq(4.24) by using  
 ))(.(),( tkixkiek ε−λψ=ψ r
rr
 (4.25) 
where ),( λψ kr  is a four-component Dirac spinor and λ is a spin index. 
 The Dirac equation (4.24) becomes 
 ),(])([),().( 0
* λψω−ε=λψβ+α ω kgkkMk
rrrr
. (4.26) 
 This equation is just like a free Dirac equation in which M is replaced by M* and the 
frequency (energy) of the solutions is shifted by the vector field. Squaring of Eq(4.26) and the 
properties of the matrices  
 ijijjiiiii δ=αα+αα=βα+βα=β=α 2,0,122  (4.27) 
gives the eigen value ε(k), 
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kEg
Mkgkk
±ω≡
+±ω=ε≡ε
ω
ω
± r
 (4.28) 
Since both positive and negative square roots exist in Eq(4.28), it has four solutions 
corresponding to spin up and down particles of both positive and negative energy.  
 Then, the positive energy spinor and negative energy spinor satisfy  
 
),k(U)k(E
),k(U]g)k([),k(U)Mk.(
*
0
)(*
λ=
λω−ε=λβ+α ω+ r
rrrr
 (4.29) 
 
),k(V)k(E
),k(V]g)k([),k(V)Mk.(
*
0
)(*
λ=
λω−ε−=λβ+α ω− r
rrrr
 (4.30) 
 where the corresponding spinors are 
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 Here, Xλ is a two component Pauli spinor of spin projection λ.  
  The spinors are normalized such that the general solution to the field equation (4.24) for 
nucleons and anti-nucleons forms a complete set of the nucleon field as 
  
)]t)k(ix.kiexp(),k(VB
)t)k(ix.kiexp(),k(UA[
V
1)t,x(
)(
k
)(
k
k
++
λ
+
λ λ
ε−λ+
ε−λ=ψ ∑
rrr
rrrr
r
r
 (4.34) 
 The coefficients λkAr )( λkBr can be interpreted as destruction operators for quasi-nucleons 
(quasi-antinucleons) of mass M* in the fields ω0, σ0 which obey the proper anti-commutation 
relations for fermions. 
 { } '''', λλλ+λ δδ= kkkk AA rrrr  { } '''', λλλ+λ δδ= kkkk BB rrrr . (4.35) 
 In this mean field approximation, the Lagrangian density is reduced to 
 LMFT = 20
2
2
12
0
2
2
1
00
0 )]([ ω+σ−ψσ−−ωγ−∂γψ σωμμ vs mmgMgi . (4.36) 
 
(4.2) Effective Lagrangian Density 
  
 In this section, I discuss the formulation of RMF theory for finite nuclei.  
 For this nucleonic sector, I employ the Lagrangian density which includes the nucleon 
couplings to the σ-, ω- and ρ- meson fields and a nonlinear term for σ field. In this case, scalar 
meson σ couples to the nucleons through a Yukawa term σψψ  and produces a strong attraction 
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while the isocalar vector meson (ω) couples to the conserved nucleon current and cause almost 
strong repulsion. In addition, there is the isovector ρ-meson which couples to the isovector current 
and photons to produce the well-known electromagnetic interaction. 
 The Lagrangian density considered is written in the form 
  
μμμν
μν
μ
μ
ρμ
μ
ρμν
μν
μ
μ
ωμ
μ
ωμν
μν
σμ
μ
μ
μ
ψτ−γψ−−
ρψτγψ−ρρ+−
ψωγψ−ωω+ΩΩ−
σψψ−σ−σ∂σ∂+
ψ−∂γψ=
AeFF
gmRR
gm
gU
MiL
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)(
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2
2
1
4
1
2
2
1
4
1
2
1
rrrrrr
 (4.37) 
 M, mσ, mω, and mρ are the nucleon, the σ, ω, and the ρ meson masses, respectively. gσ, gω, 
gρ and e2/4π =1/137 are the corresponding coupling constants for the mesons and photon. The 
field tensors of the vector mesons and of the electromagnetic field are given by  
 μννμμν ω∂−ω∂=Ω  (4.38) 
 μννμμν ρ∂−ρ∂=R  (4.39) 
 μννμμν ∂−∂= AAF . (4.40) 
 The Lagrangian contains also a nonlinear scalar self-interaction of the σ meson. In the 
simplest version of RMF, the mesons do not interact amongst themselves, and, in this case, the 
incompressibility of nuclear matter is found to be too large. Therefore, Boguta and Bodmer 
included a non-linear self coupling for the σ-meson [54] to improve the compressibility of nuclear 
matter in the model.  
 434
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12
2
1 ggm)(U σ+σ+σ=σ σ . (4.41) 
(4.3) Relativistic Mean Field Equations 
 
 In order to describe the ground state properties of nuclei we need static solution of the 
above Lagrangian. As we have seen in section (4.1), the classical variational principle gives the 
equations of motion for meson and electromagnetic fields. In this case, the meson and photon 
fields are assumed to be classical fields or c-numbers and they are time independent. The nucleons 
move in classical fields as independent particles (mean field approximation). The resulting 
equations, known as RMF equations are set of coupled equations, the Dirac equation for the 
nucleons and the Klein-Gordon equations for the mesons. The π meson does not contribute in the 
present RMF approximation because of its pseudoscalar nature.  
 To simplify the calculations, we consider time reversal symmetry and charge conservation. 
Since the ground state of even-even nuclei has a good parity under the time reversal symmetry,  
the spatial components of the vector field ,ωr ρr , and currents Ar vanish. The time-like components 
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00 ,ρω r and A0 only are left. Furthermore, since the nucleon single-particle states do not mix isospin, 
the charge conservation gurantees the only the third component of the isovector meson field 03ρ  
remains. 
 The Dirac equation with potential terms for the nucleon is  
 iiirSMrVi ψε=ψ+β++∇α− )]([)(.{ rr
rr
 (4.42) 
where )r(V r  represents the vector potential 
 )(
2
)1()()()( 03030 rAergrgrV
rrrrr τ−+ρτ+ω= ρω  (4.43) 
and )r(S r  is the scalar potential 
 )()( rgrS rr σ= σ  (4.44) 
which contributes to the effective mass as  
 )()(* rSMrM rr += . (4.45) 
 The Klein-Gordon equations for the mesons and the electromagnetic fields with the 
nucleon densities as sources are 
 )()()()(}{ 33
2
2
2 rgrgrgrm s
rrrr σ−σ−ρ−=σ+Δ− σσ  (4.47) 
 )()(}{ 0
2 rgrm v
rr ρ=ω+Δ− ωω  (4.48) 
 )()(}{ 3
0
3
2 rgrm rr ρ=ρ+Δ− ρρ  (4.49) 
 )()(0 rerA c
rr ρ=Δ−  (4.50) 
where ρs is the scalar density for σ-field, 
 )()()( rrnr i
i
iis
rrr ψψ=ρ ∑  (4.51) 
ρv is vector density for the ω-field and is also known as baryon density 
 )()()( rrnr
i
iiiv
rrr ∑ ψψ=ρ +   (4.52) 
ρ3 is the isovector density for the ρ-field, 
 )()()()()(3 rrnrrnr n
n
nip
p
pi
rrrrr ψψ−ψψ=ρ ∑∑ ++  (4.53) 
and ρc is the charge density for the photon field, 
 ∑ ψψ=ρ +
p
ppic rrnr )()()(
rrr
. (4.54) 
Here, ni are the occupation numbers introduced to account for pairing which is important for open 
shell nuclei. The pairing correlation will be discussed in section (5.3). Here the sums are taken 
over the particle states only. It should also be noted that the present approach neglects the 
contributions of negative-energy states (no sea approximation) i.e, vacuum is polarized.    
 The coupled equations can be solved self-consistently by an iteration method. Starting 
with an initial guess for the potentials V and S (e.g, generated by the axially deformed 
Woods-Saxon potential), the Dirac equation is solved and it gives the spinors ψi. The nucleon 
spinors are used to calculate the densities (sources) which in turn gives the sources in 
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Eq(4.47)-(4.50) for the calculation of the meson fields. These new set of fields are used to obtain 
new potential terms Eq(4.43) and Eq(4.44). The Dirac equation is then solved with the new 
potentials to get the spinors again to be used to get the new sources for the meson fields. This 
cycle is repeated until self-consistency is achieved.  
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Chapter (5) 
RMF Theory with Deformation and  
Pairing Correlation 
  
(5.1) RMF Method for axially deformed nuclei 
 
 Many investigations have been done with the RMF theory for spherical nuclei, where 
rotational symmetry allows the differential equations (4.42),(4.47)-(4.50) to be reduced to the 
ones for one radial dimension. Gambhir et al. extended this treatment to deformed nuclei with 
axially symmetric shapes[55]. In this axially symmetric case, rotational symmetry is broken and, 
therefore the total angular momentum is no longer a good quantum number. However, densities 
are still invariant with respect to a rotation around the symmetry axis, which is taken to be z-axis. 
For such nuclei, the Dirac equation can be reduced to a set of coupled differential equations, 
which depends on the two cylindrical variables r⊥ and z (see chapter 3). 
 zand,sinry,cosrx ϕ=ϕ= ⊥⊥ . (5.1) 
 In particular, the spinor ψi with the index i is now characterized by the quantum numbers 
Ωi, πi, and ti, where Ωi = mli + msi is the eigen value of the symmetry operator jz (the projection of 
the single particle angular momentum ji on z axis), πi is the parity and ti is the z-component of the 
isospin.  
 The spinor can be written in the form 
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The four components )z,r(fi ⊥
±  and )z,r(gi ⊥
±  obey the Dirac equations, 
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For each solution ψi, with positive Ω, 
 { }iiiiii ggff Ω≡ψ −+−+ ,,,, , (5.7) 
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applying the time reversal operator T = iσy K (K being complex conjugation) to the spinor, i.e., 
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we have the time reversal solution with the same energy 
 { }iiiiiii ggffT Ω−−−≡ψ=ψ +−+− ,,,, . (5.9) 
For nuclei with time reversal symmetry, the contributions to the densities of the two time reversed 
states i and i  are identical. Therefore, we find the densities to be , 
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and, in a similar way, ρ3 and ρc. The sum here runs only over the states with positive Ωi values, 
and ni is the occupation probability. These densities serve as sources for the fields φ = σ,ω0, ρ0 and 
A0, which are determined by the Klein-Gordon equation in cylindrical coordinates, 
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where sφ = inhomogeneous parts given as follows 
   
   for σ -field 
   for ω-field (5.12) 
  for the ρ-field 
   for the Coulomb field 
     
   
(5.2) Basis Expansion Method 
 
 The solution of the RMF equations for deformed nuclei can be obtained with the basis 
expansion method. I follow Refs[55][56] for the details of the method and notation. For the 
axially symmetric case, the spinors in Eq(5.2) are expanded in terms of the eigen functions of a 
cylindrically symmetric, i.e., axially deformed oscillator potential, 
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whose energy eigenvalues contain three quantum numbers as discussed in section (3.2.1) 
[Eq(3.26)].  
 Imposing volume conservation, the two oscillator frequencies ω⊥ and ωz can be expressed 
in terms of a deformation parameter β0,  
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They are related to the harmonic oscillator constants (oscillator length parameters) by 
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h
. (5.15) 
Notice that Eq(5.14) satisfy the volume conservation condition, 30
2 bbb z =⊥  or 
.const30zyx =ω=ωωω , as described in session (3.2.1). The basis functions are now defined with 
the two constants (h ω0= 41A-1/3) and β0.  
 The explicit form of eigen function of harmonic oscillator in cylindrical coordinate space 
is  
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with the auxiliary variables  
 ξ = z/bz,  22 / ⊥⊥=η br . (5.20) 
Hn(z) and )(ηmnL  are Hermite polynomials and associated Laguerre polynomials as defined in 
[57], respectively . The quantities
zn
N and l
z
m
nN are the normalization constants given by 
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With these basis functions, the spinors in Eq(5.2) are expanded as 
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In the above equation, the quantum numbers αmax and max~α are chosen in such a way that the 
corresponding major quantum numbers N=nz + 2nr + ml are not larger than NF (Nmax = NF ) for 
the expansion of large component f i, and not larger than NF + 1 (Ñmax = NF + 1) for the expansion 
of small component gi.  
 In order to solve the Dirac equations (5.3-5.6) with the basis expansion method, we first 
express these equations in the matrix form as follows. 
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Let each 2 x 2 matrix in the above equation be named as A,B,C and D (D=B) as follows, 
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The matrix multiplication of the upper part gives 
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Taking scalar product with ),( srrα′Φ<  from the left leads to 
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The first term on the left side of the equation (5.25) can be calculated as follows 
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Inserting Eq(5.17)-(5.19) into the above equation and using  
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 Then, the second term on the left side of Eq(5.24) has the matrix form 
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where different index is used for spin up and spin down spinor.  
Taking the scalar product with ),( srrα′Φ< to Eq(5.30), we get for the spin up product state 
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and for the spin down product state 
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 If we consider ∂/∂z terms in Eq(5.31) and (5.32), we find that the sign is positive for spin 
up state and negative for spin down state. Thus, the sign of z-component can be described as 
sm−− 2/1)( . Then, we solve the z dependent part in these equations by using Eq(5.28) and the 
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following relations Eq(5.33), (5.34) and (5.35),  
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as well as the orthogonal relation for associated Laguerre polynomials 
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We obtain the integral of z-coordinate part of Eq(5.31) and (5.32) 
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 Then, for evaluating matrix elements, we need the polynomials l
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and 
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H~ defined by 
the following derivatives, 
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 Since the matrix multiplication of the lower matrix of Eq(5.23) gives the similar results, 
we find that Dirac equation reduces to a complex matrix diagonalization problem, 
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of the dimension maxmax
~α+α . Now, we can write down the matrix elements as 
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 Using the resultant spinors from the above diagonalization, the density matrices can be 
expressed in terms of the expansion coefficients of the spinor wave function as,  
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where isospin ti = ±1/2 for proton and neutron. 
 In the coordinate space, the density matrices are given by  
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ρ3 and ρc can be obtained similarly.  
 The next step is to solve the Klein-Gordon equation with the same basis expansion 
method. In dealing with the boson fields, we use the oscillator functions with orbital momentum 
zero. Here, for computational and numerical convenience, the same deformation parameter β0 and 
the same oscillator length b0 used as in Eq(5.14) and (5.15).  
 This procedure then gives the meson fields as 
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 Inserting the above wave functions into Klein-Gordon equation (5.11), we obtain an 
inhomogeneous set of linear equations, 
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with the matrix elements 
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 In solving Klein-Gordon equation, the following relation 
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and the orthogonal properties of Laguerre functions [Eq(5.35)] greatly simplify the solution. 
 For the Coulomb field, due to the infinite range character of the Coulomb force, we 
cannot solve the equation for Coulomb field by expansion by a finite set of oscillator functions. It 
could be treated as follows as is expressed in [58] . The Coulomb field )(rVc
r can be written as 
 ∫ ′− ′ρ′= rr rrderV pc rr
rr )()( 32  (5.53) 
where )(rp ′ρ r  is the proton density. 
We carry out the integrations by part by using the relation  
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The result is 
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 By this way, the meson and the nucleon equation (5.3) to (5.6) and (5.11) are solved using 
an iterative procedure as expressed in section (4.3). From this solution, we can calculate physical 
quantities such as the total binding energy, the expectation values of the radii, quadrupole moment 
and the hexadecupole moments. In the present case with time reversal symmetry and pairing, the 
total binding energy is given by  
 E = Epart + Eσ + Eω + Eρ + Ec + Epair + ECM – AM (5.56) 
where the different contributions of the total energy E can be calculated as below. 
 The single-particle energy of nucleons  
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 The contributions of meson fields and Coulomb field are 
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 Pairing energy with the occupation probabilities 2iv [see section (5.3)] is 
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is a nonrelativistic approximation to correct the energy of center of mass motion and the last term 
AM in Eq(5.56) , nucleon number A times free nucleon mass M, is subtracted to give the effective 
binding only.   
 The root mean square (rms) neutron and proton and matter radii can be directly deduced 
from the vector density distribution, 
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where the index i = n,p denotes the corresponding neutron and proton density distribution. 
 The matter radii (total rms radii) is calculated as 
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where Z and N are number of protons and number of neutrons. 
 The charge radius is calculated using the following formula, 
 64.02 += pc rr  (fm). (5.66) 
The factor 0.64 in the above equation acccounts for the finite size effects of the proton. 
 The quadrupole Qn,p and hexadecupole Hn,p moments are calculated using the following 
expressions. The Cartesian quadrupole moment 
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is related to spherical quadrupole moment Q20 via 
 20, 5/16 QQ pn π=    ,with Q20 = r2Y20 . (5.68) 
 Again , the hexadecupole moment is 
 pnpn yxyxzzH ,
2222224
, )(3)(248 >+++−=<  
 40, 9
168 QH pn
π= , with Q40 = r4 Y40 . (5.69) 
 The conventional deformation parameter β is obtained from the calculated quadrupole 
moments through 
 βπ
π=+= 204
3
5
16 ARQQQ pn  with  R0 = 1.2A
1/3 (fm). (5.70) 
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(5.3) Pairing Correlations 
 
 In the description of the structure of nuclei, pairing has an important effect on open-shell 
nuclei, specifically for heavy mass region of the periodic table. Pairing correlation is important for 
a quantitative understanding of deformation in nuclei. It has been pointed out that the pairing is 
crucial to study the shapes of the light nuclei using deformed RMF approach [59] . In this section, 
we briefly review the BCS approximation for the pairing correlation to be used in the present 
calculations. 
 In the Hartree-Fock approximation, the ground-state properties could be described by 
filling the single-particle levels from the bottom up to Fermi level. The occupation probability of 
each single-particle level is either zero or one. In the presence of the pairing interaction, pairs of 
nucleons are scattered from the levels below the Fermi level to those above. Thus, for open shell 
nuclei, one has to deal with the occupation probabilities ranging from zero to one. For stable 
nuclei, the pairing gap could be known from the experimental odd-even mass difference. On the 
other hand, when it is close to the drip line, i.e., as the number of protons or neutrons increases, 
the corresponding Fermi level approaches zero and the number of available levels above it is 
clearly reduced as shown in Fig (5.1). Normally the last filled nucleon in stable nuclei has 8MeV 
binding, while it is near the threshold in drip line nuclei. Thus, the pairing correlation in exotic 
nuclei provides the possibility to scatter valence nucleons back and forth in the continuum.  
 
Fig(5.1) A Schematic picture for the difference in the pairing correlation of stable and drip line 
nuclei. 
 
(5.3.1) BCS approximation used in RMF 
 
 Pairing correlations are due to the short-range part of nucleon-nucleon interaction. In 
order to account for the pairing correlations, the BCS approximation was introduced in [60]. This 
approximation was originally developed by Bardeen, Cooper, and Schrieffer in 1957 to explain 
the superconductivity in metals [61]. The formalism was based on the coupling of two fermions to 
zero angular momentum through a sum over pairs of states k and –k, that are related to each other 
by time-reversal operation. Here, k is the angular momentum projection on to the intrinsic axis 
and -k is the time reversed state of k.  
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Firstly, the following pairing Hamiltonian is considered, 
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where the first term is the pure single-particle Hamiltonian and the second term is a residual 
interaction acting only on the states k and –k. +kaˆ and +− kaˆ are the creation operators for each state. 
In the second term, the sum over k>0 means that only positive projections are summed over.  
 Let us assume that the matrix element of the pairing potential to be a constant matrix 
element –G for simplicity. The Hamiltonian then becomes,  
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The ground state wave function of this Hamiltonian can be approximately obtained by taking a 
superposition of different particle number states,  
 0)ˆˆ(
0
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>
∏ += kk
k
kk aavuBCS . (5.73) 
In this wave functions, each pair of single-particle levels (k,-k) is occupied with a probability |vk|2 
and not occupied with probability |uk|2. The parameters vk and uk will be determined through the 
variational principle and they are assumed to be real numbers. The normalization condition of the 
BCS wave function leads to 
  122 =+ kk vu . (5.74) 
The BCS state is not an eigen state of the particle number operator given by 
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Only the expectation value of the particle number operator satisfies the condition  
 NvBCSNBCS
k
k == ∑
>0
22ˆ   (5.76) 
where N is the number of particle of the system.  
 Since |BCS> is not eigen state of Nˆ ,i.e., it does not contain a definite number of particles,  
we have to use the variational principle with a constraint to the particle number in order to 
determine uk and vk. 
 NHH ˆˆˆ λ−=′ . (5.77) 
The Lagrange multiplier λ is fixed by the condition Eq(5.76). It is called the chemical potential or 
the Fermi energy because of the increase of the energy E = <BCS|H|BCS> by increasing the 
particle number by one is just λ = dE/dN.  
 Then, the variational condition with respect to vk for the expectation value of constrained 
Hamiltonian, Eq(5.77) is considered. 
 0ˆˆ >=λ−<∂
∂ BCSNHBCS
vk
 (5.78) 
which yields the occupation probability of each paired state 
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where we have used the abbreviation λ−ε=ε 0kk  and the pairing gap 
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 Inserting Eq(5.79) into (5.80) leads to the so called gap equation, 
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222 k k
G . (5.81) 
 This equation can be solved iteratively using the known values of G and the 
single-particle energies 0kε . The other parameter λ then follows together with the particle number 
condition, Eq(5.76). 
 The energy of the system can be calculated as the expectation value of the Hamiltonian, 
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where ¯Δ2/G is called the pairing energy and it is written as 
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The densities are contained within the occupation number 2kk vn =  as shown in Eq(4.51)-(4.54) 
and (5.10). 
 In the constant gap approximation, the parameter Δ is obtained from the observed 
odd-even mass differences. If the experimental masses are not available, it can be inferred from 
the extrapolation of the masses given by any of available mass formula. For example 
 2/1,3/13/1
12,8.4,8.4
A
or
ZN pnpn
=Δ=Δ=Δ  (5.84) 
in the unit of MeV. 
 As mentioned above, the BCS formalism with the constant gap approximation can be 
easily implemented into RMF calculations to take into account the pairing correlations. For nuclei 
not too far from the β-stability line, this procedure is simple and useful. However, for neutron-rich 
or proton-rich near the drip lines, the Fermi level approaches zero and the model does not provide 
a correct description of the coupling between bound states and continuum states. In this situation, 
one has to use the state dependent pairing gap Δi, e.g.,by using the delta function interaction for 
pairing interaction as described in Refs [62] [63].  
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(5.4) RMF Parameter Sets 
 
  In the Lagrangian density [Eq(4.37)], there are meson masses mσ, mω, mρ and meson 
-nucleon coupling constants gσ, gω, gρ together with the nonlinear self-couplings of the meson 
fields left to be determined. These are determined by fitting to the properties of the nuclear matter 
and a few doubly magic nuclei. They are named as parameter sets.  
 Among the existing effective interactions for RMF theory, the most frequently used are 
NL1, NLSH, TM1, and NL3 with nonlinear self-couplings of mesons. Table (5.1) shows some 
standard parameter sets. The parameter sets, TM1 and TM2, were invented to describe ground 
state properties of heavy nuclei (A>40; TM1) and light nuclei (A<40; TM2) [64]. Another 
parameter set TMA has been introduced to adjust the experimental data in a wide mass range [65]. 
The significant feature of this parameter set is its mass dependence so as to reproduce nuclear 
properties quantitatively from the light mass region to the superheavy nuclei. 
 
Table (5.1)  Parameters of the Lagrangian NL1, NLSH, NL3 together with the nuclear matter 
properties, ρ (baryon density), E/A( binding energy per particle), K (nuclear incompressibility), 
J (asymmetry parameter), m*/m (effective mass) obtained with these effective forces. 
 
   NL3 NL1 NLSH 
M (MeV) 939 938 939 
mσ (MeV) 508.194 492.250 526.059 
mω (MeV) 782.501 783.000 783.000 
mρ (MeV) 763.000 763.000 763.000 
gσ 10.217 10.138 10.4444 
gω 12.868 13.285 12.945 
gρ 4.474 4.976 4.383 
g2 (fm-1) -10.431 -12.172 -6.9099 
g3 -28.885 -36.265 -15.8337 
Nuclear matter properties     
ρ0 (fm-3) 0.148 0.153 0.146 
E/A (MeV) -16.299 -16.488 -16.346 
K (MeV) 271.76 211.29 355.36 
J (MeV) 37.4 43.7 36.1 
m*/m 0.60 0.57 0.60 
 
 The parameter set NL1 has been shown to provide reasonably good results for nuclei 
about the line of stability [66]. However, because of a very large asymmetry energy J≈44 MeV of 
NL1 as compared to the empirical value, NL1 does not provide a good description of nuclei away 
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from the stability line. This problem has been solved by using the force NLSH, whereby the 
ρ-meson coupling constant and thus the asymmetry energy has been brought very close to the 
empirical value. The parameter set NLSH provides good results for exotic nuclei far away from 
the line of β stability [32].  
  On the other hand, the parameter set NL3 [67], is another very successful parameter set 
for the description of nuclear properties in the entire mass region, which originates from the 
original non-linear parameter set, NL1. It has been found that NL3 provides excellent agreement 
with the experimental ground state nuclear properties and is able to provide improved results over 
the NL1 and NLSH, reducing the rms deviation of the masses. Therefore, it is very interesting to 
compare the theoretical results of the RMF model obtained with these parameter sets. 
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Chapter(6) 
RMF for Hypernuclei 
 
 The relativistic mean field models have been successfully applied to calculations of 
nuclear matter and properties of finite nuclei throughout the periodic table. This model describes 
the nucleus as a system of Dirac nucleons which interact through the exchange of mesons (see 
chapter 4). For studying hypernuclear systems, the original model has to be extended to the 
strange particle sector. In this chapter, I describe the extended RMF theory for hypernuclear 
systems [23].  
 
(6.1) Lagrangian Density for Hypernuclei 
  
 The goal of this thesis is to study the “impurity effect” of a Λ particle in a deformed Λ 
hypernuclei using RMF theory. The Λ-hypernucleus is assumed to consist of a Λ particle 
moving in the mean fields that are created by all the baryons in the nucleus. Since the Λ particle is 
neutral and isoscalar (I=0), it only couples to the σ and ω mesons and it cannot couple to ρ meson 
and electromagnetic field.  
 The effective Lagrangian density for Λ hypernuclei can be described as 
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where ψ and Λψ denote the dirac spinors for nucleon and the Λ particle, whose masses are M and 
mΛ respectively, and gσΛ, gωΛ are Λ-meson coupling constants. 
 The field tensors of the vector mesons and of the electromagnetic field are given by  
 μννμμν ω∂−ω∂=Ω  (6.2) 
 μννμμν ρ∂−ρ∂=R  (6.3) 
 μννμμν ∂−∂= AAF . (6.4) 
 The model includes the nonlinear self-coupling for the σ-field,  
 434
13
23
12
2
1 ggm)(U σ+σ+σ=σ σ . (6.5) 
 In RMF, the meson fields are treated as classical c-number fields, and the contributions of 
antiparticle states are neglected (no sea approximation ) as discussed in Chapter(4).  
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(6.2) RMF Equations for Hypernuclei 
 
 The coupled field equations are derived by using the standard variational procedure (see 
Chapter 4). In this case, the variational principle [Eq(4.8)] is applied to the Lagrangian [Eq(6.1) 
and the RMF equations for hypernuclei are obtained. 
 The Dirac equation with potential terms for the nucleon is  
 iiirSMrVi ψε=ψ+β++∇α− )]([)(.{ rr
rr
 (6.6) 
where )r(V
r
represents the vector potential 
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 is the scalar potential 
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 The Dirac equation for the Λ particle is  
 { } ΛΛΛΛωΛσΛ ψε=ψω+σ+β++∇α− )())(()( 0 rgrgmrVi rrrrrr . (6.8)  
The Klein-Gordon equation for mesons and Coulomb field 
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with the sources or densities 
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The sum runs over all positive energy states. Following Ref.[23], we take the mass of Λ-particle 
and the Lambda-meson coupling constants in Eq(6.8) and (6.9) to be  
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The coupling constants for Λ-particle are from Ref [68] where the relativistic mean field 
theory was used to study characteristic of Λ,Σ, and Ξ hypernuclei. The value of gωΛ is deduced 
from the naive quark model. The value of gσΛ was adjusted to reproduce the binding energy of a Λ 
in the 1 s state of O17Λ . The parametrization with gσΛ determined from only this one experimental 
value already gives a reasonable description of binding energies of Λ in hypernuclei for a wide 
range of mass numbers, A= 5-89 [68].   
 The equations (6.6), (6.8) and (6.9) are solved self consistently by using the expansion of 
fermion and meson fields with the deformed harmonic oscillator basis (see Sect 5.2).  
 The root mean square (rms) neutron, proton and lambda radii can be directly deduced 
from vector density distribution, 
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where the index i = n,p,Λ denotes the corresponding neutron, proton and lambda density 
distribution. 
 The vector density for Λ is defined similarly to that for nucleons, 
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 The core radii and the total rms radii are calculated as 
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where Z and N are number of protons and number of neutrons. 
 The quadrupole Qn,p,Λ moments are calculated using the following expressions. The 
Cartesian quadrupole moment 
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where the index i = n,p,Λ denotes the corresponding neutron, proton and lambda density 
distribution. 
 The total deformation parameter β is obtained from the calculated quadrupole moments 
through 
 β++π
π=++= Λ 20)1(4
3
5
16 RNZQQQQ pn   (6.17) 
with  R0 = 1.2A1/3 (fm)  
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Chapter(7) 
Calculations and Discussions 
 
 In this chapter, we present the calculated results of the ground state properties of 
Λ-hypernuclei and their corresponding core nuclei in the frame work of RMF theory for axially 
deformed nuclei. To this end, we use the Computer program given in Ref.[31]. To calculate the 
properties of hypernuclei, we modify this computer program by adding the Lambda-meson 
coupling term. In this work, Λ particle is assumed to occupy the lowest single particle state   
(Kπ = 1/2+). The number of oscillator shells NF and NB, i.e., the cutoff for the major oscillator shell 
quantum number are taken as NF = 12 for Fermion wave functions (Dirac spinors) and NB = 20 for 
bosonic degrees of freedom (meson fields). We have checked that the results do not change much 
even if we take NF = 14. The calculations are carried out by using the Lagrangian parameter set 
NLSH and NL3. It has been shown that, NLSH describes well neutron and proton rich nuclei and 
NL3 describes successfully nuclear properties from light nuclei toward super-heavy nuclei, both 
for stable nuclei and for nuclei away from the valley of stability. [see also Sect(5.4)]. In the 
present work, we study the ground state properties of Ne isotopes from 28Ne to 38Ne and Si 
isotopes from 22Si to 42Si and their corresponding hypernuclei.  
 Most of the nuclei considered here are open-shell nuclei both for protons and neutrons, 
and the pairing has been included. We have used the well known BCS approximation for pairing 
which is discussed in Chapter(5). In our calculations, instead of solving the gap equation 
[Eq(5.81)] we adopted the prescription of constant pairing gap approximation 
3/13/1
8.4,8.4
ZN pn
=Δ=Δ  which is used in Refs[69][70].  
 The deformations and shapes of nuclei play a crucial role in defining the properties such 
as nuclear sizes and isotope shifts. In the RMF theory, we have obtained the quadrupole and 
hexadecupole moments of nuclei from the solution of deformed RMF equations [see section (5.2)]. 
In this work, in order to study the “impurity effect” of Λ-hyperon on quadrupole deformation, the 
quadrupole deformation parameters (β) are calculated. The β-values of nuclei are obtained in a 
self-consistent way by using different basis deformation parameters (β0), which provides the 
initial value of deformation for an iteration. An example is shown in table (7.1).  
 First, we calculate the deformation parameters of Ne and Si isotopes and Ne+Λ and Si + 
Λ isotopes. In order to study the interaction dependence of the results, the β values are illustrated 
in Fig(7.1-a) and (7.2-a) for the isotopic chains of ANe, ASi and the hypernuclei A+ΛNe, A+ΛSi with 
the NL3 and NLSH forces. We present the results for the lowest energy shape. The deformation 
parameters for the core part are shown for the hypernuclei. 
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TABLE (7.1) Basis deformation parameters (β0) and the deformation parameter after convergence 
for 24Si. These results are obtained with NL3 parameter set without pairing 
 
β0 β after convergence 
0.6 0.294 
0.4 0.293 
0.2 0.294 
0 0.294 
-0.2 -0.279 
-0.4 -0.279 
-0.6 -0.279 
 
 
   (a)  
 
(b)  
Fig(7.1) Quadrupole deformation of core and hypernuclei of Ne isotopic chain calculated with NL3 
and NLSH parameter sets (a) with pairing (b) without pairing  
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(a) 
 
(b) 
Fig(7.2) Quadrupole deformation of core and hypernuclei of Si isotopic chain calculated with NL3 and 
NLSH parameter sets (a) with pairing (b) without pairing 
 
 The obtained numerical values of the deformation parameters (β) shown in Fig (7.1), (7.2), 
are tabulated in Table (7.6) and (7.7). 
  It is found that nuclei in the Ne isotope chains are prolate and spherical. As shown in 
Fig (7.1-a), Ne isotopes with N= 18, 20, 22 with NL3 parameter sets with pairing are manifestly 
spherical. In comparison, Si isotopes undergo a sequence of shape transitions in going from A=22 
(N=8) to A = 42 (N=28).The magic number N = 8 (A=22), enforces a spherical shape on the mean 
field irrespective of the associated proton number. Again, as nuclei tend to be spherical at shell 
closure N=20, the nuclei with the magic number N= 20, such as 30Ne and 34Si are spherical.  
 When we add a Λ-particle to the nuclei, the calculations with the two parameter sets give 
similar deformation parameters with the same sign between ANe and A+ΛNe. In constrast, the β 
value of Si hypernuclei shows a remarkable feature as shown in Fig(7.2-a). The calculation with 
NL3 force shows that the ground state deformation of 28Si, 30Si, 32Si are oblate. Interestingly, 
28+ΛSi, 30+ΛSi, and 32+ΛSi become spherical if we put Λ to Si nuclei. On the other hand, with NLSH 
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force, only 28+ΛSi becomes spherical from oblate shape. 
 In order to investigate pairing effect on deformation, Fig(7.1-b) and (7.2-b) show the 
results without pairing. As in the case with pairing, similar deformation parameters in both core 
and hypernuclei of Ne isotopes are observed. Although 28Ne, 30Ne and 32Ne as well as 28+ΛNe, 
30+ΛNe and 32+ΛNe are spherical with the pairing, they become deformed in the absence of the 
pairing correlation as shown in Fig(7.1-b). For isotopes of Si hypernuclei, 28+ΛSi becomes 
spherical even without the pairing with NL3 and NLSH forces as shown in Fig (7.2-b). Most of 
the other Si hypernuclei have the similar deformation as their core nuclei. It has been pointed out 
that pairing is crucial to study the shapes of the nuclei [59]. As it can be seen from Tables (7.6) 
and (7.7), pairing correlations have mainly the effect of reducing the deformation of the nuclei, as 
is well known.  
 It is also observed that some nuclei exhibit secondary minimum in energy close to the 
ground state. This is known as shape coexistence. The phenomenon of shape coexistence is 
known to occur in several regions of the periodic table. Typically, the difference in binding energy 
between two minima is a few hundred keV. For example, in table (7.2) we show the energy 
difference between the prolate and oblate configurations and the associated deformations for some 
Si nuclei and hypernuclei which exhibit the shape coexistence. A negative value of Epro - Eobl 
implies that the prolate minimum lies lower than the corresponding oblate minimum. 
 
TABLE (7.2) 
Nuclei with shape coexistence in the ground state with the NL3 force (Without pairing).  
Nucleus Epro – Eobl β (prolate) β (oblate) 
24Si 0.170 0.294 -0.279 
24+ΛSi 0.165 0.271 -0.256 
26Si 0.742 0.549 -0.280 
26+ΛSi -0.224 0.259 -0.236 
30Si -0.195 0.148 -0.057 
36Si 0.132 0.195 -0.161 
36+ΛSi 0.124 0.186 -0.152 
40Si 0.125 0.246 -0.302 
40+ΛSi 0.103 0.236 -0.285 
  
 The nuclei 24Si ,26Si, 36Si ,40Si and their associated hypernuclei are predicted to be oblate  
deformation in the lowest energy state and to coexist with the prolate shape at a few hundred keV 
above. Their corresponding hypernuclei also exhibit a similar shape coexistence. On the other 
hand, 30Si is prolate in the ground state. However, there does not seem shape-coexistence in 30+ΛSi 
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because we find only the spherical configuration when we add a Λ to 30Si. 
  Next, we consider the effect of Λ particle on neutron single particle levels and on 
neutron Fermi level. In Fig (7.3), we show the 1f-2p neutron single particle levels and on the 
neutron Fermi level of Ne isotopes calculated with the NL3 parameter set. As we see from 
Fig(7.3), the shell structure dramatically changes at A≥32. The Fermi level uniformly increases 
toward zero for A≥ 28. Between A= 32 and A= 36, the Fermi level is practically constant and very 
close to continuum. At A≥38, the Fermi energy becomes positive and heavier isotopes are not 
bound anymore as shown in Fig (7.3-a). Therefore, the last bound isotope is 36Ne. In Fig (7.3-b), 
due to an extra binding provided by Λ, the s.p neutron energies and Fermi level become lower. 
From this investigation, we observe that the Fermi level is negative for the isotope 38+ΛNe. 
Without the Λ, the nucleus 38Ne was unbound. Therefore, the presence of the strange baryon 
stabilizes the otherwise unbound core as predicted in [23].  
 
  (a) (b) 
Fig(7.3) 1f-2p neutron single particle levels and the neutron Fermi energy as a function of the mass 
number A for (a) Ne and (b) Ne+Λ isotopes. 
 
 The comparison of the calculated results of last bound isotope and the fermi energy as a 
function of A with NL3 and NLSH parameter sets is shown in Fig (7.4). In calculation with NLSH 
parameter set, the last bound isotopes are found to be 34Ne and 36+ΛNe. In comparison, the 
calculation with NL3 parameter set gives the last bound isotopes 36Ne and 38+ΛNe. Table (7.3) 
contains the numerical values of neutron Fermi energy for ANe and A+ΛNe isotopes with NL3 and 
NLSH parameter sets. 
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TABLE(7.3) Neutron chemical potential or Neutron Fermi energy (λn) for ANe and A+ΛNe isotopes 
  
NLSH NL3 A 
ANe  A+ΛNe  ANe A+ΛNe 
28 -4.088 -4.113 -4.342 -4.255 
30 -2.887 -2.954 -3.139 -3.139 
32 -0.436 -0.589 -0.761 -0.884 
34 -0.720 -0.846 -0.932 -1.033 
36 0.026 -0.092 -0.305 -0.397 
38 0.442 0.311 0.099 -0.006 
40 0.690 0.550 0.321 0.198 
42 0.608 0.393 0.269 0.083 
 
   
Fig(7.4) Neutron Fermi energy as a function of mass number A with NLSH and NL3 parameter sets 
 
  Because of the extra binding of Λ particle, the total energy of hypernuclei is always 
larger than that of the core nuclei. The binding energy of Λ particle is defined as 
 BΛ = E(AZ) – E (AZ + Λ). 
The binding energies of Λ in Ne and Si isotopes are shown in Fig(7.5) and their numerical values 
are tabulated in table (7.4) and (7.5). It is found that binding energy of Λ is around 18 MeV in Ne 
nuclei and 16MeV upto 20MeV with increasing mass number in Si nuclei. 
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Fig(7.5) Binding of Λ particle as a function of mass number 
 
TABLE (7.4) Binding energy of Λ-particle in Ne isotopes 
Mass number NL3 NLSH 
28 18.202 18.062 
30 17.999 18.082 
32 18.240 18.393 
34 18.381 18.545 
36 18.565 18.777 
38 18.770  
 
TABLE (7.5) Binding energy of Λ-particle in Si isotopes 
Mass number NL3 NLSH 
22 16.509 16.641 
24 17.586 17.498 
26 18.881 18.422 
28 19.966 19.350 
30 20.613 19.440 
32 19.988 19.397 
34 19.891 19.578 
36 20.261 20.030 
38 20.354 20.216 
40 20.508 20.550 
42 20.589 20.487 
 
 Next, the root mean square radii of proton, neutron and the total radii of Ne, Si isotopes 
and A+ΛNe and A+ΛSi isotopes are calculated using both the NL3 and NLSH forces. In Fig (7.6), 
Ne Si 
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the rms radii proton, neutron and matter for Ne isotopes and rms radii proton, neutron and core  
for A+ΛNe and A+ΛSi isotopes are plotted as a function of mass number. The neutron radii show an 
increasing trend with mass for all the isotopic chains. The core nuclei follow this trend; that is, by 
increasing the number of neutrons the spatial extension of the nucleus is enlarged. In comparison, 
the proton rms radii are almost constant, and only display a slow constant increase. On the other 
hand, for highly neutron-deficient (proton rich) nuclei, the neutron rms radius is much smaller 
than the corresponding proton radius (see Fig(7.6-b). The neutron radii exhibit a kink about the 
magic mass number A= 28 of Si nuclei and hypernuclei. 
  
  (a) 
   
   (b) 
Fig (7.6) rms radii as a function of mass number A for ANe, ASi, A+ΛNe and A+ΛSi chains 
 
 It can be seen from the Fig (7.6) that rms radii of A+ΛNe and A+ΛSi are slightly smaller than 
that of their corresponding core nuclei. In calculation with NL3 force, neutron rms radii of Ne 
isotopes are reduced on average by about 2%. Therefore, our results agree with the results of RHB 
calculations in Ref [23]. This change of rms radii in core nucleus is due to the presence of 
Λ-impurity although this change is small. For example, the rms radius rn (rp) decreases from 3.036 
fm(3.075 fm) in 28Si to 2.934 fm (2.968 fm) in 28+ΛSi and 3.374fm (2.884 fm) in 28Ne to 3.362 fm 
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(2.867 fm) in 28+ΛNe. The above result reveals the shrinkage effect for the Λ-hypernuclei. This 
effect has also been shown by RMF model in Ref.[71] for some light hypernuclei such as 
Li7Λ and Be
9
Λ . 
  In order to check the dependence of the results on the treatment of pairing correlation, 
we consider the effect of pairing on rms radii. The Rms radii obtained with pairing and without 
pairing for A+ΛNe and A+ΛSi isotopes are shown in Fig(7.7-b) and (7.8-b). As a reference, we also 
show the deformation parameter for the corresponding hypernuclei in Fig (7.7-a) and (7.8-a). The 
pairing effect increases the rms radii especially with low mass number of Si hypernuclei. A typical 
example is 22+ΛSi. In this case, the total rms radii of 22+ΛSi is different although it has the same 
shape with pairing and without pairing. Moreover, from Fig (7.7) and (7.8) we have seen that the 
shape of nuclei is changed because of the paring effect. Therefore, to study ground state properties 
of hypernuclei, it is essential to consider the pairing correlation. The calculated numerical values 
of rms radii of the core and hypernuclei in Fig (7.6), Fig (7.7) and Fig(7.8) are listed in Table (7.6) 
and (7.7). 
    
     
   (a) 
  
   (b) 
Fig(7.7) The effect of pairing on (a) Quadrupole deformation and (b) rms radii of A+ΛNe isotopes 
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   (a) 
    
   (b) 
Fig(7.8) The effect of pairing on (a) Quadrupole deformation and (b) rms radii of A+ΛSi isotopes 
 
TABLE (7.6) Quadrupole deformation and rms radii of ANe and A+ΛNe isotopes 
 
(a) NL3 with pairing 
ANe A+ΛNe ANe A+ΛNe 
A βtotal βcore βtotal rmatter rcore rtotal 
28 0 0 0 3.208 3.194 3.172 
30 0 0 0 3.320 3.310 3.289 
32 0 0 0 3.461 3.448 3.425 
34 0.377 0.364 0.357 3.599 3.583 3.559 
36 0.438 0.418 0.410 3.723 3.703 3.679 
38 0.431 0.404 0.397 3.831 3.809 3.785 
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(b) NL3 without pairing 
 
ANe A+ΛNe ANe A+ΛNe 
A βtotal βcore βtotal rmatter rcore rtotal 
28 0.225 0.216 0.211 3.162 3.148 3.128 
30 0.099 0.095 0.093 3.256 3.246 3.227 
32 0.375 0.366 0.358 3.420 3.407 3.386 
34 0.478 0.466 0.457 3.538 3.523 3.501 
36 0.554 0.534 0.523 3.691 3.673 3.649 
 
(c) NLSH with Pairing 
 
ANe A+ΛNe ANe A+ΛNe 
A βtotal βcore βtotal rmatter rcore rtotal 
28 0 0 0 3.178 3.176 3.156 
30 0 0 0 3.279 3.278 3.258 
32 0 0 0 3.418 3.411 3.390 
34 0.376 0.363 0.356 3.550 3.541 3.518 
36 0.428 0.410 0.403 3.671 3.659 3.636 
 
(d) NLSH without Pairing 
 
ANe A+ΛNe ANe A+ΛNe 
A βtotal βcore βtotal rmatter rcore rtotal 
28 0.218 0.212 0.207 3.138 3.136 3.117 
30 0.095 0.092 0.090 3.222 3.221 3.203 
32 0.359 0.351 0.344 3.378 3.373 3.353 
34 0.459 0.449 0.441 2.989 3.482 3.461 
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TABLE (7.7) Quadrupole deformation and rms radii of ASi and A+ΛSi isotopes 
 
(a) NL3 with Pairing 
 
ASi A+ΛSi ASi A+ΛSi 
A βtotal βcore βtotal rmatter rcore rtotal 
22 0 0 0 3.086 3.059 3.034 
24 0.255 0.192 0.187 3.048 3.012 2.991 
26 0.352 0.288 0.282 3.052 3.006 2.986 
28 -0.305 -0.001 -0.001 3.055 2.951 2.933 
30 -0.192 -0.001 -0.001 3.100 3.052 3.033 
32 -0.135 0 0 3.176 3.150 3.131 
34 0 0 0 3.249 3.237 3.220 
36 0 0 0 3.338 3.326 3.308 
38 0.276 0.251 0.247 3.449 3.430 3.412 
40 -0.277 -0.256 -0.252 3.542 3.521 3.502 
42 -0.341 -0.322 -0.318 3.647 3.626 3.607 
 
(b) NL3 without Pairing 
 
ASi A+ΛSi ASi A+ΛSi 
A βtotal βcore βtotal rmatter rcore rtotal 
22 0 0 0 2.927 2.908 2.889 
24 0.294 0.271 0.264 2.942 2.916 2.899 
26 0.549 0.259 0.254 3.083 2.898 2.882 
28 -0.329 -0.001 -0.001 2.999 2.869 2.853 
30 0.148 -0.001 -0.001 3.015 2.986 2.968 
32 -0.200 -0.179 -0.175 3.131 3.113 3.096 
34 0 0 0 3.194 3.185 3.169 
36 -0.161 -0.152 -0.150 3.287 3.274 3.258 
38 0.283 0.273 0.269 3.385 3.370 3.353 
40 -0.302 -0.285 -0.280 3.496 3.475 3.457 
42 -0.370 -0.355 -0.350 3.609 3.589 3.570 
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(c) NLSH with Pairing 
 
ASi A+ΛSi ASi A+ΛSi 
A βtotal βcore βtotal rmatter rcore rtotal 
22 0 0 0 3.037 3.022 2.999 
24 0.219 0.151 0.147 3.005 2.985 2.966 
26 0.329 0.275 0.269 3.025 3.002 2.984 
28 -0.287 -0.001 -0.001 3.040 2.974 2.957 
30 -0.187 -0.058 -0.057 3.089 3.069 3.051 
32 -0.152 -0.115 -0.113 3.164 3.159 3.142 
34 0 0 0 3.229 3.229 3.213 
36 0 0 0 3.313 3.312 3.295 
38 0.255 0.233 0.229 3.414 3.406 3.389 
40 0.298 0.267 0.263 3.504 3.490 3.473 
42 -0.319 -0.297 -0.292 3.603 3.589 3.571 
 
(d) NLSH without Pairing 
 
ASi A+ΛSi ASi A+ΛSi 
A βtotal βcore βtotal rmatter rcore rtotal 
22 0 0 0 2.889 2.883 2.866 
24 0.281 0.264 0.258 2.916 2.909 2.892 
26 0.547 0.261 0.256 3.062 2.918 2.902 
28 -0.321 0 0 2.995 2.907 2.891 
30 0.187 0.176 0.172 3.022 3.021 3.005 
32 -0.199 -0.188 -0.184 3.121 3.119 3.103 
34 0 0 0 3.181 3.183 3.168 
36 -0.155 -0.148 -0.146 3.269 3.268 3.252 
38 0.268 0.260 0.256 3.359 3.357 3.340 
40 0.228 0.219 0.216 3.414 3.411 3.394 
42 -0.350 -0.335 -0.330 3.570 3.559 3.541 
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Chapter(8) 
Summay and Future Perspectives 
 
 The change of bulk properties of nuclei under the presence of strange impurities, like 
Λ-hyperon is an interesting subject in hypernuclear physics. This is because a Λ-hyperon can be 
treated as an “impurity” to probe deep interior of the nuclear medium and explore the changes in 
size and shape of nuclei due to the short-range feature of hyperon-nucleon interaction.  
 In this thesis, we have paid a special attention to the structure of single-lambda 
hypernuclei, which are nuclei with a lambda particle. For this purpose, we used the framework of 
the relativistic mean field approximation for the axially deformed case to study the “impurity 
effect” of Λ hyperon on the ground state properties such as the total binding energy, deformation, 
r.m.s radii and single particle energies. In describing the single-particle structure of ordinary 
nuclei, this approach has been successful in explaining the experimental data. Furthermore, this 
model provides a natural explanation of the spin-orbit force, which plays a crucial role in 
describing atomic nuclei.   
 In this work, we studied Ne and Si isotopes and corresponding A+ΛNe and A+ΛSi isotopes. 
We are particularly interested in the effect of Λ−particle on deformation parameter. We used 
NLSH and NL3 parameter sets for the RMF Lagrangian of hypernuclei. In addition, the pairing 
correlations was treated in the constant gap approximation. We discussed the dependence of the 
numerical results on the choice of the input parameters by comparing the results using NLSH and 
NL3 parameter sets. We also discussed the effect of pairing correlation on deformation as well as 
on rms radii.  
 As a result of our investigation, we found that the introduction of Λ hyperon does not lead 
to excessive changes in deformation of Ne nuclei. We found similar deformations of core nuclei 
and hypernuclei and that the deformation of hypernuclei is slightly smaller than that of core nuclei 
for Ne isotopes. On the other hand, for the case of Si nuclei, although the ground state 
deformation of 28Si is oblate 28+ΛSi becomes spherical if we put Λ to 28Si nuclei. This is the case 
with both NL3 and NLSH parameter sets, and irrespective to the treatment of pairing correlation. 
Furthermore, we investigated the effect of Λ particle on neutron single particle states and neutron 
Fermi energy. Due to extra binding provided by Λ hyperon, the neutron single particle energies 
and Fermi level become lower. It was also found that the last bound isotope is 38+ΛNe with NL3 
parameter set with pairing. Without the Λ, the nucleus 38Ne was unbound. In comparison, the last 
bound isotope is 36+ΛNe with NLSH parameter set with pairing.  
 According to the results, the rms radii of hypernuclei is slightly smaller than those of their 
core nuclei because of the presence of the Λ inpurity. The results reveal the shrinkage effect of the 
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Λ-hypernuclei. Moreover, we found that pairing effect mainly reduces the deformation of Ne and 
Si nuclei and rms radii are sensitive to the pairing effect. We also calculated the binding energy of 
Λ-particle. It is found that the Λ-binding energy is around 18MeV in Ne isotopes and 16MeV up 
to 20MeV as going to heavier Si isotopes.  
 In future, it would be interesting to draw the energy surface of hypernuclei, e.g., 28+ΛSi. 
Up to now, we derived the field equations in RMF which are solved by the iteration method and 
give self-consistent solutions. With these solutions, we can calculate only local minima of the 
energy surface. Therefore, I would like to extend my study so that the energy surface can be 
obtained by imposing a certain constraint on the RMF Hamiltonian and investigate the nuclear 
deformation. In the treatment of pairing correlation, I used the constant gap approximation in this 
thesis. In order to investigate the effect of Λ particle on deformation parameter more properly, a 
better treatment of pairing would be necessary. 
 I also wish to carefully examine the properties of Λ hypernuclei in a broad mass region by 
using also the other approach, such as deformed Skyrme-Hartree-Fock approach and compare the 
results of these two approaches. So far, I studied the properties of deformed single-Λ hypernuclei. 
I am also interested in extending my investigations for the properties of double- Λ or multi-Λ 
hypernuclei in all mass regions with both RMF approach and Skyme Hartree-Fock approach.  
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